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Abstract 

In this paper we construct an abelian fibration over on the Hilbert cube 
of the primitive K3 surface of genus 9. After the abelian fibration constructed 
by Mukai on the Hilbert square on the primitive K3 surface of genus 5, this 
is the second example where the abelian fibration on such 'KilbnS is directly 
constructed. Our example is also the first known abelian fibration on a Hilbert 
scheme KilbnS of a primitive K3 surface S which is not the Hilbert square of S; 
the primitive K3 surfaces on the Hilbert square of which such a fibration exists 
are known by a recent result of Hassett and Tschinkel. 

1 Introduction 

Generalities. The smooth complex projective variety X is a hyperkahler manifold if 
X is simply connected and = Cu for an everywhere non-degenerate form uj, 

the symplectic form on X. In particular, by the non-degeneracy of u, a hyperkahler 
manifold is always even-dimensional and with a trivial canonical class, see e.g. [4j or 
IS] for a survey of the basic properties of hyperkahler manifolds. 

A fibre space structure, or a fibration on the smooth projective manifold X is a 
projective morphism, with connected equidimensional fibers, from X onto a normal 
projective variety Y such that < dim{Y) < dim{X). By the theorems of Matsushita 
(see llflj), any fibration / : X — y on a hyperkahler 2ri-fold X is always a Lagrangian 
abelian fibration, i.e. the general fiber Fy = f~^{y) C X must be an abelian n-fold 
which is also a Lagrangian submanifold of X with respect to the form u; in addition 
Y has to be a Fano n-fold with the same Betti numbers as P". 

The question when a hyperkahler 2n-fold X admits a structure of a fibration in the 
above sense is among the basic problems for hyperkahler manifolds (cf. jlj, p. 171). An 
additional question is whether the base Y of any such fibration is always the projective 
space P", ibid. For a more detailed discussion on the problem, see the paper [12] of J. 
Sawon. 
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As shown by Beauville, the Hilbert schemes "KilbnS of length n zero-subschemes of 
smooth K3 surfaces S are hyperkahler manifolds, see jj. 

In the special case when 5* is an elliptic K3 surface, the elliptic fibration 5 ^ 
on 5* induces naturally a structure of an abelian fibration "KilbnS —>■ for any n >2, 
see e.g. fH], Ex. 3.5. Another candidate is Beauville's fibration "KilbgS ■ ■ ■ > P^ for a 
K3 surface S containing a smooth curve of genus g > 2, in particular if 5* = 5*23-2 is 
a primitive K3 surface of genus g > 2, ibid. Ex. 3.6. But Beauville's fibration is not 
regular, i.e. it is not a fibration in the above sense. 

Until now, the only abelian fibration constructed directly on a Hilbert power of a 
primitive K3 surface S = S2g~2, fi' > 2 is the abehan fibration due to Mukai ([TT]) 
on the Hilbert square of the primitive K3 surface 5*8 of genus 5. On the base of this 
example, and by using a deformation argument, Hassett and Tschinkel manage to prove 
the existence of an abelian fibration over P^ on the Hilbert square of the primitive K3 
surface of degree 2m^, for any m > 2, see [3]. 

The main result of the paper and a conjecture. In this paper we construct 
an abelian fibration over P"^ on the Hilbert cube of the general primitive K3 surface 
of genus 9. After Mukai's example, this is the second case where the abelian fibration 
on "KilbnS is constructed directly. This is also the first known abelian fibration on a 
Hilbert power of a primitive K3 surface, which is not a Hilbert square. 

In addition, we consider the conjecture that if S" is a primitive K3 surface of genus 
g > 2, then the Hilbert scheme X = KilbnS admits a structure of an abelian fibration 
if and only if 25? — 2 = m^(2n — 2) for some integer m >2. This conjecture is posed as 
a question by several authors (cf. jl], 0), so we claim no originality. 

The Hassett-Tschinkel result covers the cases n = 2, m > 2 of this conjecture, and 
Mukai's example corresponds to the particular case n = m = 2. Our example proves 
the conjecture in the case n = 3, m = 2. 

The construction of the abelian fibration in brief. To explain our construc- 
tion, we compare it with Mukai's construction of the abelian fibration on the Hilbert 
square of the primitive K3 surface 5*8 of genus 5. 

The general S" = 5*8 is a complete intersection of three quadrics in P^. Let 
P(if°(Js(2))) = P| be the plane of quadratic equations of S in P^. Inside P| the 
subset As of singular quadrics is a smooth plane sextic, and the double covering of P| 
branched along defines uniquely a K3 surface F5 of genus 2, the dual K3 surface 
of S (cf. [EI). Any subscheme ^ G Kilb2S spans a line l^ =< ^ >C P^, and the set 

= P(_f/'°(/5u/^(2)) of quadrics containing S and l^ is a line in P|. If P| is the dual 
plane of P|, the association f : ^ ^ defines a regular map 

/ : Kilb2S P|. 

In turn, a fixed line L G P| defines uniquely a 3-fold D S* in P^ as the common 
zero locus of the quadrics Q G L C P|. By the definition of /, the 0-schemes ^ in the 
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preimage Al = f~^{L) are intersected on 5" by the lines L C X^, thus the fiber Al is 
isomorphic to the Fano family F{Xl) of lines on the threefold X^. The theorems in 
[Tn] imply that the map / is an abelian fibration, in particular for the general L the 
family F{Xl) is an abelian surface. The last is classically known: the general Xl is 
the quadratic complex of lines, and the family of lines F{Xl) is the jacobian of a genus 
2 curve F^, the dual curve to X^] the last turns out to be a hyperplane section of Fs 
- the double covering F^ of L branched along the 6-tuple A^, = A5 fl L, see e.g. 

Let now S = Siq C be a general primitive K3 surface of genus 9, and let 'Kilh^.S 
be the Hilbert scheme of length 3 zero-schemes ^ d S. Following the above example, 
we shall define step-by-step a map 

/ : 'KilhS ^ 

The analog of the projective space P^ D 5*8 is now the Lagrangian grassmannian 
LG'(3, 6), the closed orbit of the projectivized irreducible 14-dimensional representation 
Vi4 of the symplectic group Sp{?>). The Lagrangian grassmannian S = LG(3,6) is a 
smooth 6-fold of degree 16 in P^^ = P(Vi4), and by the classification results of Mukai 
[12) . the general primitive K3 surface S = Siq is a linear section of the Lagrangian 
grassmannian LG(3,6) C P^'^ = PiVu) by a codimension 3 subspace P^ identified 
with Span{S). 

The projectivized dual representation V^^^ of Sp{3) has an open orbit in P^^ = 
P(Vj^^), and the complement to this orbit is a quartic hypersurface F. The space of 
linear equations P| = P^'^ of S" C LG(3, 6) is a projective 3-space in P^^ = P(V^*4), 
which intersects F along a smooth quartic surface Fs C P|, the 5'p(3)-dual quartic of 
S, see 1^. The base of / is now the dual 3-space P| = P5*, interpreted equivalently 
as the set of all 3-folds Xh = S fl P^°, h G P| which lie inside S = LG{3, 6) and pass 
through S. 

Structure of the paper. The crucial step in our construction is to find the 
analog of lines through 2 points on Sg. It turns out that these are twisted cubics on 
S = LG{3, 6), and the crucial property of these cubics is: Through the general triple ^ 
of points on S passes a unique twisted cubic that lies in S. 

In Sections 2 and 3 we show that on the general K3 surface S = Siq C LG{3, 6), if 
^ is a 0-scheme on S, then there exists on LG{3, 6) a unique connected rational cubic 
curve intersecting on S the zero-scheme ^. This identifies "Kilh^S with the 6-fold 
Hilbert scheme C(S') of twisted cubic curves C C LG{3, 6) that lie in Fano 3-folds 
X,,/iGP|. ^ 

If Fs C P| is the 5'p(3)-dual quartic surface of 5*, any h G P| = P^.'* defines a 
hyperplane section Fh C F5, the dual plane quartic of X^. For the general h, F^ is a 
smooth plane quartic and X^ is a smooth prime Fano 3- fold of genus 9; one can regard 
this Xh as the analog of the general quadratic complex of lines X^ through the K3 
surface Ss- For h' 7^ h" the families of cubics G{Xfi') and Q{Xh") do not intersect each 
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other, thus giving a regular map 

/ : JiilhS ^ e(5) ^ P|, 

with h = /(^) identified with the 10-space = Span{S U C^). The results of [TO] 
imply that / is an abelian fibration, and the construction of / identifies the fiber 
Ah = f~^{h) of / with the Hilbert scheme Q{Xh) of twisted cubic curves on the 3-fold 

In Section 4 we show that for the general h the family C(X/j) is nothing else but 
the jacobian J{Fh) of the dual plane quartic Fh to the 3-fold Xh. Just as in the case 
for the quadratic complex of lines, the abelian threefold = G{Xh) can be identified 
with the intermediate jacobian J{Xh) of the Fano 3- fold X^. 

At the end, in Section 5 we describe the group law on the general fiber Ah of /, in 
the interpretation of Ah as the Hilbert scheme G{Xh) of twisted cubic curves on Xh- 
More precisely, any twisted cubic Co C Xh defines on the abelian 3- fold Ah = G{Xh) an 
additive group structure with Co = 0, and we identify which cubic curve on X = Xh 
is the sum under this group operation of two general cubics C, C" C X. Notice that 
this is the analog of the Donagi's group law on the family F{Xl) of lines on the 3-fold 
quadratic complex of lines (see .2j), identified with the general fiber of Mukai's abelian 
fibration on 'Kilh2S^. 

We thank Y. Prokhorov for the advice in computing the multiplicity coefficients in 
Proposition 14.5^ and S. Popescu and D. Markushevich for the helpful discussions. 

2 Twisted cubic curves on LG(3, 6) 

Let V be 6-dimensional vector space, let a G A^V"* be a nondegenerate 2-form on V . 
The natural linear map da '■ /\^V ^ V induced by a has a 14- dimensional kernel W = 
kerda- Consider the Pliicker embedding G(2,1/) C P{A^V). Then S = LG{3,V) = 
P{W) n G{2,V) C P(A^V^) is the 6-dimensional Grassmannian of Lagrangian planes 
in = P(V^) with respect to a. If if C E is the hyperplane divisor in this Pliicker 
embedding, then the degree of E is = 16, while the canonical divisor K-^ = —AH. 
Thus a general linear section P^° fl E C P(H^) is a Fano threefold of genus 9, while a 
general linear section P^ fl E C P(iy) is a K?) surface of genus 9. 

Proposition 2.1. (Mukai A general prime Fano threefold of genus 9 is the linear 
section P^^ fl LG(3, V) for some P^^ C P(W^). A general K3-surface of genus 9 is the 
linear section P^ fl LG(3, V) for some P^ C P(H^). 

Let 5*^(3) C SL{V) be the symplectic group of linear transformations that leaves 
a invariant. Then W is an irreducible 5'p(3)-representation and the four orbit closures 
of 5p(3) on P{W) are 

E C ^] C F C PiW) 
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Their dimensions are 6, 9, 12 and 13. In particular F is a quartic hypersurface, the 
union of projective tangent spaces to S. Similarly, there are four orbit closures of 
Sp{3) in the dual space: 

S* C C F* C P{W*), 

isomorphic to the orbit closures in P(iy). In particular, the quartic hypersurface F* is 
the dual variety of E and parametrizes tangent hyperplane sections to S. If X = SflL 
is a linear section of S, and C P(iy*) is the orthogonal linear space, then we denote 
by Fx the intersection fl F* and call it the S'p(3)-dual variety to X. 

The four orbits in P(Vr) are characterized by secant properties of S (cf. ||S]): 

Proposition 2.2. Let u g 'P{W), then: 

(a) If uj G P(iy) — VL, then through uj passes a unique bisecant or tangent line to 
E. The line l^^ is tangent to S if and only if uj G F . 

(h) If UJ & — Tj then the set of lines which pass through uj and are bisecant or 
tangent to S sweep out a A-space Pf, C P(Vr), and the intersection = Pf, fl E is 
a smooth 3-fold quadric. In the space P^, there exists a point x = x{uj) such that the 
quadric = Qx{ui) C S coincides with the set of Lagrangian planes that pass through 
the point x{uj). 

Furthermore 

Lemma 2.3. (a) A line not contained in S intersect H in a 0-scheme of length < 2. 

(b) does not contain planes, and a plane that intersects S along a conic section 
is contained in Vt. 

(c) a plane P = P^ such that the intersection scheme P fl S contains a 0-scheme 
Z of length 3 either intersects S exactly at Z or P fl S contains a line or a conic. 

(d) A 3-space P = P^ such that the intersection P fl S contains a curve C of 
degree 3 either intersects E exactly along C and C is defined by a determinantal net of 
quadrics or P G Q and P fl S is a quadric surface of rank > 3. 

Proof. Since S is defined by quadrics, (a) follows. The planes that are parameterized 
by a conic have a common point p G P^, so the conic lies in the 3-dimensional smooth 
quadric Qp ()2.2p . Since this quadric is smooth, it and therefore also S, contains no 
planes, and the conic is a plane section of Qp. Hence P C< Qp >C fl and (b) follows. 
For (c), consider a plane P whose intersection with S contains a scheme Z of length 
4, and assume that the intersection is zero-dimensional. Then Z must be a complete 
intersection of two conies, and the intersection Pfl S is precisely Z. Let 5* be a general 
P^ that contains P, and let 5 = S fl P^. Then, by Bertini, is a smooth surface. In 
fact 5 is a i^3-surface. Since Z define dependent conditions on hyperplanes h, there is 
a nontrivial extension of Iz,s by O5 which define a rank 2 sheaf E on 5*. Since no length 
three subscheme on 5* is contained in a line, F is a vector bundle (cf. ^^), and since no 
plane intersects S" in a scheme of length five E is base point free. Therefore a general 
section of F is a smooth subscheme of length four contained in a plane. But through 
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this subscheme there are two hnes that meet in a point outside S, contradicting the 
above proposition. 

Let P be a that intersects S in a curve C. By (c) this curve has degree at most 
3, so for (d) we may assume that the degree is three. Again by (c), the intersection is 
pure: There are no zero- dimensional components. Now, C cannot be a plane curve by 
part a). Furthermore, since S is the intersection of quadrics, C is contained in at least 
three independent quadrics. Pick two without common component, then for degree 
reasons alone they link C to a line and C is defined by a determinantal net of quadrics. 
If P intersects E in a surface, this surface, by (a) is a quadric of rank at least 3, and 
by (b) lies in Q. 

□ 

Lemma 2.4. Let M be a 2 x 3-matrix of linear forms in whose rank 1 locus is a 
curve Cm of degree 3, and let p G P^\Ca/. Then there is a unique line passing through 
p that intersects Cm in a scheme of length 2, unless p lies in a plane that intersects 
Cm in a curve of degree 2 . 

Proof. Let M{p) be M evaluated in p. Then M{p) has rank 2, so let (oi, 02, a^) be the 
unique (up to scalar) solution to M{p) -0 = 0. Then M ■ a defines two linear forms 
that vanish on p. If they are independent, they define a line that intersect Cm in a 
scheme of length 2, and if they are dependent, then they define a plane that intersect 
Cm in a curve of degree 2. The uniqueness of the line in the first case follows by 
construction. □ 



Lemma 2.5. Let P^ C P(Vr) he general. In particular assume that S* = S fl P^ a 
smooth K3 surface of genus 9 with no rational curve of degree less than 4. Then: 

(a) A line I can intersect S in at most a 0-scheme of length < 2. 

(b) If a plane P^ intersects S in a scheme containing a 0-scheme C, of length 3 then 
p2=<^> andP^nS = ^. 

(c) If a 3-space P^ is such that the intersection scheme P^nS* contains a 0-scheme ^ 
of length 3 and the intersection P^flS contains a curve C of degree 3, then P'^flP^ =< 
^>,P^nS = ^ andP^nJ: = C; here P^ =< S >. 



Proof, (a) follows immediately from Lemma|2ISl By (a), < ^ >= P^. If the intersection 
scheme Z = P"^ (1 S D contains ^ properly, then by Lemma 12.31 Z will contain a line 
or a conic. But S contains no curves of degree less than 4, so (b) follows. 

(c) Since P^flS" D ^ then P^ contains the plane P| =< ^ >C P^, by (b). Therefore 
either P^ c P^ =< S > or P^nP^ =< ^ >. But if P^ C P^ then the curve C c P^nE 
will be contained in 5 = E fl P^, which is impossible since by assumption 5* = 5*16 does 
not contain curves, of degree 3. Therefore P^flP^ =< ^ > and P^flS* =< ^ > nS = ^. 
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If n S contains more than the curve C then by Lemma 12.31 the intersection 
Q = n S will be a quadric surface of rank at least 3. But then S" ft Q is a conic, 
contradicting the assumption that 5* has no curve of degree less than 4. □ 



Definition 2.6. Let 'Kilh^t+iiX') Hilbert scheme of twisted cubic curves con- 

tained in S and let "Kilb^CE) be the Hilbert scheme of length three subschemes ofH. 

Since S contains no planes, every member C of 'Kilh^t+iiX') is a curve of degree 
3 defined by a determinantal net of quadrics: C lies in at least 3 quadrics, and since 
there are no planes in S two general ones intersect in a curve of degree 4 that links C 
to a line. 

Consider the incidence 

h = {(e,C)|e C C} C -Kilh^iT.) X J{3m(S) 
and the restriction to S: 

h{S) = {{i,C)eh\i(lS} 
Definition 2.7. Let Q{S) C J{i/63t+i(S) be the image of the projection 

i.e. the Hilbert scheme of twisted cubic curves in S that intersect S in a scheme of 
length three. 



Corollary 2.8. Let 5* = P^ fl S G P(iy) be a smooth linear section with no rational 
curves of degree less than four. 

(a) G{S) C 'Kilbst+iiX') is a closed subscheme. 

(b) The intersection map 

a : Q{S) "Kilb^iS, C^CnS 
is well defined on any C G 6(5*). 

Proof. Consider the map "Kilb^t+iiJ^) G(4, 14) defined by C i— C >. By Lemma 
12. 5[ the subset C(S') is simply the puUback under this map of the closed variety of 
spaces that intersect P^ in codimension one. Therefore (a) follows, while (b) follows 
since no component of C is contained in S. □ 



Lemma 2.9. The intersection map a : Q{S) —>■ "Kilb^S is surjective. 
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Proof. By Corollary 12.81 the image a{G{S)) is a closed subscheme of Hilh^S. Since 
Hilh^S is irreducible, to prove that a is surjective it is enough to see that a is dominant. 
For a point x & S denote by C = P(^) the Lagrangian plane of x, and let 

IX = G "Kilh^S : ^ = X + y + z is reduced and such that 

the Lagrangian planes P^, Py and P| are mutually disjoint }. 

Clearly IX C "Kilh^S is open and dense, so it rests to see that 

For any ^ = x + y + z^U there exists a smooth twisted cubic C G T, that passes 
through x, y and z. 

Let Uo, Uoo and Uy be the Lagrangian 3-spaces of x, y and z in the 6-space V, i.e. 
P| = P([/o), Pi = P(t/oo) and Pi = P{U). 

Since P^ and P^ do not intersect each other, we may write: 

V = Uo® Uoo. 

Furthermore, since Uq and Uoo are Lagrangian, we may choose coordinates (ej,Xj) on 
Uq and (es+j, xs+j) on Uoo, i = 1,2,3 such that in these coordinates the form a can be 
written as 

a = Xi A X4 + X2 A x^ + Xs A Xq. 

Since Py = P{U) is also Lagrangian, and since P^ does not intersect P^, there exists 
a symmetric non-singular 3x3 matrix B such that the Pliicker coordinates of y in the 
system (e^, Xj), i = 1, 6 are uniquely written in the form 

y = exp{B) = (1 : P : A^B : det{B)). 

For a parameter t G C, the matrix tB correspond to a Lagrangian plane that does not 
intersect P^. Thus 

C = C^^y^, = {exp{t) = (1 : tB : t^ a'^ B : t^ det(P)), t G C U 00} 

is a smooth twisted cubic on E through x = exp{0), y = exp{l) and z = exp{oo). □ 

Proposition 2.10. Let S* = P^fiS be a smooth linear section with no rational curves 
of degree less than four, and let G{S) be the Hilbert scheme of twisted cubic curves on 
S that intersect S in a scheme of length three. Then the restriction map 

a : e(5) ^ 'KiihiS c^cns 

is an isomorphism. In particular 6(5*) is a smooth projective variety. 
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Proof. First we show that cr is bijective. Let ^ G !Kilbs{S) let P be the span of ^ and 
assume that Ci, G 6(5') with n = ^ for i = 1, 2. 

Let g G P be a general point. Since S contains no plane curves, P is not contained 
in Q, so we may assume that q does not lie in Q. Therefore there is a unique line 
through p that intersects S in a scheme of length 2. On the other hand for each i, 
there is a unique line through q that meets Ci in a scheme of length 2. Hence these 
lines must coincide, and lie in P. But the only way the general point g in P can lie on 
a unique line through ^, that intersects ^ in a scheme of length 2, is that ^ is the first 
order neighborhood of a point, i.e. when P is the tangent plane to S at the support 
p of ^. In this case both Ci and C2 must be singular at p and have at least one line 
component. In fact, if the tangent cone to Ci is planar, then this plane must contain 
the line component through p. Since S does not contain lines, the tangent cone must 
span the 3-space, and each Ci is contained in the tangent cone to S at p. But this 
tangent cone is the cone over a Veronese surface (cf. [S]). In the projection from p, 
the plane P is mapped to a line L in the space of the Veronese surface. The line L 
does not intersect the Veronese surface, so it is not contained in the cubic hypersurface 
secant variety of the Veronese surface. It is a well known classical fact that there is a 
unique plane through L that meet in a scheme of length 3. This plane and the plane 
P spans a that intersects E along three lines through p. Therefore, also in this case 
Ci and C2 must coincide. 

Next, we consider ramification of the map a. Consider the morphism g : G{S) — >■ 
G(4, 14), defined by [C] ^ [< C >], and similarly c/3 : ^KilbsS G(3, 10) defined by 
[^] 1-^ [< ^ >]. By Lemma [2. 5[ both g and g^ are embeddings. Therefore the restriction 
map a factors through g, the restriction map [P^] ^ [P^ fl P^] and the inverse of g^^ 
restricted to Irag^. Hence a point of ramification for a is also a point of ramification 
for the restriction map [< C >] = [P^] 1-^ [P^ fl P^] = [< ^ >]. If [< C >] is such 
a point, then there is a tangent line to Img at the point [< C >] G G(4, 14) that is 
collapsed by the restriction map. But this occurs only if the tangent line is contained 
in G(4, 14) and parameterizes P^s through < ^ > in a P^. Since < C > flS = C, 
and 0" is a bijective morphism, no other P^ in this pencil can intersect S in a twisted 
cubic curve. On the other hand, the ramification means that the doubling of < C > 
in P^ intersect E in a doubling D of C, i.e. D is a nonreduced curve of degree 6. For 
each point p & C consider the span Pp of the tangent cone to D at p. On the one 
hand, any line in Pp through p is tangent to D. On the other hand, the dimension of 
Pp is one more than the dimension of the span of the tangent cone to C at p. Notice 
that if p and q are distinct points on C, and the line pq is not a component of C, then 
Pp n Pq n = 0; otherwise pq is tangent to D at p or g and is therefore contained in 
C by Lemma f2. 31 

Now, either C is reduced, and two general tangent lines span < C >, or C has a 
singular point whose tangent cone spans < C >. 

In the first case, let p and q are smooth points on C such that their tangent lines to 
C span P^, then Pp and Pq are planes and Pp fl Pq meet in a point r. The lines pf and 
qf are both tangent to D so the plane spanned by p, q, r is by Lemma f2.3l contained in 
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fl. As p and q moves, the lines pq Gl\ < C >, so < C >G Q against the assumption. 

In the second case, let p be a singular point on C such that the tangent cone to 
C at p spans < C >, then Pp = is contained in the tangent cone to S at p. In 
particular D is contained in this tangent cone. But this tangent cone is a cone over a 
Veronese surface, so if Pp intersects this cone in a curve of degree 6, the intersection 
cannot be proper. In fact, the only improper intersections of a with a cone over a 
Veronese surface that contains the vertex, is the union of a quadric cone surface and 
a line. But in our case, the quadric cone would then have to be contained in < C >, 
contradicting the assumption. 

This concludes the argument that a is bijective and unramified, i.e. an isomorphism. 

□ 



3 The abelian fibration on ^ilb^S 

The Hilbert scheme Q{S) of twisted cubic curves on S that intersect S* in a scheme of 
length three, admits a natural fibration over P^. Composed with the inverse of the 
restriction map a : G{S) — >■ "Kilb^S, we obtain an fibration on 'Kilh^S. In this section 
we describe this fibration and explain how it may also be obtained by a vector bundle 
approach as suggested in the introduction. An upshot of the alternative approach is 
the existence of genus three curves in the fibers (cf. Proposition 13. 8p . Let C C S be a 
twisted cubic curve that intersect in a scheme of length three. Then the union CUS 
spans a pi°(C) c< S >= P{W). Since 

{P^°|5 C P^° C P{W)} ^ P| 

the assignment C ^ P^°(C) defines a map 

For any h G P|, let Xh = S fl P]^ D S. Then Xh is a threefold, in fact, the general 
Xh D S* is a smooth Fano threefold of genus 9. The fiber f~^{h) of the map / is 

e{Xh) = {cemiht+i{Xf,)}. 

Assume that S contains no curves of degree < 3. Then the map / is a morphism. 
On the other hand the restriction map a : G{S) —>■ "Kilb-^S is in his case an isomorphism, 
so the inverse of a composes with / to define a morphism 

f = foa-^ : 'Kilb^S P|. 

By the theorems of Matsushita (cf. pHj), / is a fibration on the hyperkahler 6-fold 
Hilb^S, in particular / is a Lagrangian abelian fibration, i.e. the general fiber Ah is an 
abelian 3-fold which is a Lagrangian submanifold with respect to the nondegenerate 
2-form on the hyperkahler 6-fold "Kilb^S. Thus 
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Theorem 3.1. Let S = n LG(3, V) C P{W) be a smooth linear section with no 
rational curves of degree less than four, then J-Cilb^S admits a fibration f : 'Kilb^S — 

p3 

(a) For any /i G P| the fiber f^^{h) = Ah = a{e{Xh) where G{Xh) is the Hilbert 
scheme of twisted cubic curves on the threefold Xh = S fl Pj^^ D S and a is the 
isomorphism above, defined by C ^ C (1 . 

(b) For the general h G P| the fiber Ah of f is an abelian 3-fold which is a La- 
grangian submanifold of the hyperkdhler 6-fold 'Kilh^S , i.e. 

f : -Kilh^S ^ P| 

is a Lagrangian abelian fibration on "Kilh^S. 

By the general choice of the general Xh D 5* is a general smooth prime Fano 
3-fold of genus 9 (cf. Proposition 12.11) . so the above theorem implies 

Corollary 3.2. The Hilbert scheme of twisted cubic curves C(X) = "Kilh^t+iiX) of 
the general prime Fano threefold X of genus 9 is isomorphic to a 3-dimensional abelian 
variety. 

In the next section we shall show that the abelian variety C{Xh) = Ah coincides 
with the Jacobian of the S'p(3)-dual plane quartic curve Fx to X. 

Consider also an alternative approach. 

First recall from [S] section 3.2 that zeros of a general 2-form j3 G A'^V* on S = 
LG{3, V) is a Segre threefold P^ x P^ x P^. The two 2-forms a and (3 define a unique 
triple of conjugate lines with respect to the two forms. More precisely, a defines a 
correlation L = L„ which assigns to a point a hyperplane in P^ through the point. 
This correlation is symmetric, in the sense that y G L{x) if and only if x G L{y). A 
triple of lines Li, L2, L3 in P^ are conjugate with respect to a if Hx^l^L^x) =< Lj, Lk > 
when 1, 2, 3 = i,j, k. If a and P are nondegenerate, and Li, L2, are conjugate w.r.t. 
both a and (3, then the planes in P^ that are Lagrangian with respect to both forms are 
precisely the planes that meet the three lines. Clearly these planes are parameterized 
by a Segre threefold in S, and any Segre threefold appear this way. 

Lemma 3.3. A general twisted cubic curve C in H and a general tangent hyperplane 
section Ht to S that contains C, determines uniquely a Segre threefold P^ x P-*^ x P^ 
in S that contains C and this threefold lies in Ht. 

The first general means that C parameterizes planes of a 3-fold Vc = P^ x P^ c P^. 
The second general means that the plane P of the point of tangency of Ht meets this 
3-fold in 3 distinct points. 

Proof. The 3 points Xi,X2,X3 in P fl Vc determines three lines Li,L2,L3 in Vc that 
meet each plane in Vc in a point. It is enough to prove that these three lines are 
conjugate w.r.t. a since uniqueness follows from the above. Notice that for each point 
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X in Vc the hyperplane L{x) intersects Vc in the plane Px (through x) and a quadric 
surface = x P^- So for each point in Q^. there is a unique hne in that 
meet every plane in Vc in a point. Consider the three points Xi and the corresponding 
quadrics Qj = x P^. Since xi G P, the hyperplane L[x.i) contains P, so Xj and 
also lies in L{xi). Therefore Xj,Xk G Qi, and Lj,Lk lies in Qi- Let a; G L{xj) be a 
general point, then L{x) by symmetry contains Xi, so Lj must lie in the quadric Qx- 
In particular the hyperplane L{x) contains Lj. Therefore the three lines Li,L2,L3 are 
conjugate with respect to a. The corresponding Segre threefold in S contains C and 
the point of P, so by [IR] Lemma 3.2.5 it is contained in Ht. □ 

Recall from ^ the following proposition 

Proposition 3.4. For each t e F* \ Q* c P{W*), the tangent hyperplane section 
if t C S projects from its point v{t) of tangency to a linear section of G{2, 6), hence it 
admits a rank 2 vector bundle Ef. Every Segre threefolds in E that pass through v{t) is 
the zero locus of a section of this vector bundle, and the general section of Et is of this 
kind. 

Remark 3.5. For the general i^3-surface section S of S, the set of tangent hyperplane 
sections Ht that contain S form the S'p(3)-dual quartic surface T = P^, hence the 
same surface T parameterizes rank 2 vector bundles E on S with determinant H and 
H^{S, E) = 6. The general section of a vector bundle E vanishes along a subscheme of 
length 6 on S. 

Remark 3.6. Similarly for a Fano threefold section X of E, the set of tangent hy- 
perplane sections Hf that contain X form the 5'p(3)-dual quartic curve Fx, hence the 
same curve Fx parameterizes rank 2 vector bundles P on X with determinant H and 
H^{X,E) = 6. The general section of a vector bundle P vanishes along an elliptic 
curve of degree 6, a codimension 2 linear section of a Segre threefold. 

Lemma 3.7. Consider a Fano threefold section X = P^° fl S C P(W). Let C be a 
twisted cubic curve contained in X, and let Ht be a singular hyperplane section ofYl that 
contains X. Then there is a unique twisted cubic curve C d X with length{C r\C') = 2 
determined by t. In particular, X admits a rank 2 vector bundle Et and a unique section 
s G r(X, Et), that Z{s) = CUC'. 

Proof. Let Fc,* be the unique Segre 3-fold through C that is contained in the tangent 
hyperplane section Ht of S. Then Yc^t H X = C U C" is a codimension 2 linear section 
of a Segre 3-fold. In particular C is a twisted cubic curve and length(C fl C) = 2. 
The final statement follows from Proposition 13.41 and Remark 13.61 □ 

Consider the incidence 

is,T = {(e, t) G mib-sS X r|p°(5, Et (E) i^) > 0} 

Clearly, by the above 

Is,T={{^,t)\C^cHt} 
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where is the unique twisted cubic curve through ^. Now, T = F5 is the S'j9(3)-dual 
quartic surface to S, hence 

T^ = {tem,t)els,T} 

is the plane quartic curve on T which is S'p(3)-dual to the threefold < S* U > flE. 
Therefore 

defines again the map 

f:HUhS^\T^\=Pl 

Let be the fiber Let 77 G be a general point in the fiber. By 

Lemma (3. 71 there is a morphism 

which assigns to a point t G the element (C'nS) G A^, where C is the unique twisted 
cubic curve residual to in the Segre 3-fold defined by and t. By uniqueness, 
this map is injective: The curve is the unique twisted cubic curve residual to C 
determined by t. Thus 

Proposition 3.8. Let S = P^ (IT, be a smooth linear section with no rational curves 
of degree less than four. LetT = Fs be the Sp{3)-dual quartic surface, and consider the 
abelian fibration f : Hilb^S \T^\ = P|, where is the plane section ofT determined 
by C^, the unique twisted cubic curve in S through ^. Let A^ be the fiber 
When is smooth, then any element rj & A^ defines an embedding : A^. 

4 Twisted cubic curves on the prime Fano three- 
folds of genus 9 

In the previous section we concluded that the fibers of the fibration 

/ : mibsS ^ P| 

are abelian threefolds. From the construction we note that the fiber is identified with 
the subset of 6(5) of twisted cubic curves C that are contained in a fixed P]^ D S. In 
particular, the general fiber coincides with the Hilbert scheme of twisted cubic curves 
in the Fano threefold Xh = E fl P^°. The S'p(3)-dual variety to Xh is a plane quartic 
curve Fxf^, the plane section T/^ = T fl of the 5'p(3)-dual surface T to S, where 
P\ = (Pjj^)-*- C P{W*). In this section we shall prove the following theorem: 

Theorem 4.1. Let S* = P^ fl S C P(iy) be a smooth linear section with no rational 
curves of degree less than four. Let T = Fs be the Sp{3)-dual quartic surface, and 
consider the abelian fibration f : Hilb^S —>■ \Th\ = P|. The general fiber Ah = f~'^{h) 
is isomorphic to the jacobian of the Sp{3)-dual plane quartic curve Th to the Fano 
3-fold Xh D S. 



13 



For the proof we shall need to know some additional properties of the Hilbert scheme 
G{X) of twisted cubic curves on the general prime Fano threefold X of genus 9. We 
begin with: 

Proposition 4.2. Let X = n S &e a general prime Fano threefold of index 1 
and genus 9, and let Fx be its Sp{3)-dual plane quartic curve. Then the intermediate 
jacobian of X is isomorphic to the jacobian J {Fx) of Fx- 

Proof. In ^31, Mukai identifies the intermediate jacobian of X with the Jacobian of a 
curve of genus 3, and in [7j this curve is identified with Fx- □ 

We shall show that the family C(X) is isomorphic to the intermediate jacobian 
J{X). For this we shall use the birational properties of the Fano 3-fold X of genus 9 
related to twisted cubic curves on X. 

Let i? C X C be a smooth rational normal cubic curve, and consider the 
rational projection 

TT : X ■ ■ ■ > 

from the space P^ =< B >. Let X' C P^ be the proper tt- image of X, and let 
/3 : X — s> X be the blowup of X at B. Since we may assume that < B > flX = B, 
the blowup (3 resolves the indeterminacy locus of vr, so the projection vr extends to a 
morphism 

^ : X ^ X'. 

Recall from §4.1 in (6j that the cubic B <Z X fulfills the conditions (*)-(**) if: 

(*). the anticanonical divisor —Kj^ is numerically effective (nef) and {—Kj^)^ > 
(i.e. -K^ is big); 

(**) there are no effective divisors D on X such that {—K-^^.D = 0. 

By the Remark on page 66 in [H], the twisted cubic B G X will satisfy the conditions 
(*)-(**) if the morphism vr has only a finite number of fibers of positive dimension. 

Lemma 4.3. Suppose that X = Xig is general and the smooth twisted cubic B G X is 
general. Then the morphism vf has only a finite number of irreducible fibers of positive 
dimension, and these are precisely the proper f3-preimages of the e = e{B) = 12 lines 
on X that intersect the twisted cubic curve B. 

Proof. First, we may assume that < B > flX = i? by Lemma 12.51 and that B is 
irreducible. The family of planes in P^ parameterized by B sweeps out an irreducible 
3-fold of degree 3. If this 3-fold is singular, it is a cone, and B G Qp for some p G P^, 
contrary to the assumption. Therefore this 3-fold is smooth, isomorphic to the smooth 
Segre embedding of P^ x P^. Thus any two planes representing points of B are disjoint; 
in particular no conic in X intersects i? in a scheme of length 2, since the Lagrangian 
planes representing the points of a conic in X always have a common point. 
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A positive dimensional fiber of tt is mapped by to a D< 5 > such tliat P^nX 
contains a curve D wliicli strictly contains B. 

For a P"^ as above the intersection < D > (IX can't be of dimension > 2. Indeed 
the coincidence < B > (IX = B implies that if < D > flX contains a surface S, then 
S would have degree 3 since its intersection with < B > is B. But then the span 
of S must lie in Q and < B > (IX must be a quadric surface, which contradicts to 
Pic{X) = ZH. 

So we may assume that < D > (IX = D. First note that by the ramification 
argument in the proof of Proposition I2.1()( D is reduced along B. Thus D = B U C, 
and degC =lengthC fl B. 

If degC > 3, then < C >= P^, and for p E B \ C the projection of C from p will 
have a 1-parameter family of trisecant lines. Therefore D = B U C will have at least 
a 1-parameter family of 4-secant planes, and by Lemma 12.31 each of these planes will 
intersect X in a conic. Hence the intersection X fl P^ will contain at least a surface, 
which again contradicts to Pic{X) = ZH. 

Therefore degC < 3. By the preceding no component of C can be a conic (a 1-cycle 
of degree 2), otherwise X will have a 2-secant conic which is impossible - see above. 
Therefore either C is an irreducible twisted cubic or any connected component of C is 
a line. 

But if C is an irreducible irreducible twisted cubic then by the preceding the zero- 
scheme C n B must be of length 3, i.e. C and B will be two twisted cubic curves that 
pass through the length 3 zero-scheme C (1 B, thus contradicting to Proposition I2.1U1 

Therefore any connected component of C must be a line which is simply secant to 
B, i.e. any curve on X contracted by vr must be a secant line to B. 

Finally, since the Fano 3-fold X = Xiq is general, then by Theorem 4.2.7 in the 
family of lines on X is smooth, 1-dimensional, and the lines on X sweep out on X a 
divisor e |0x(4)|. 

Consider a general linear section S* = S fl P^ and the 3-dimensional family of Fano 
3-folds Xt = S n P^° that contain S. Let Rt be the divisor swept out by the lines on 
Xt, and let Dt = RtH S. Assume that every twisted cubic on X^ is contained in Rt. 
By Theorem 13.11 the family of twisted cubic curves on any Xf must be 3-dimensional, 
by the preceding any of these twisted cubic curves intersects the curve in a scheme 
of length 3, and by Proposition 12. lUl anv length 3 subscheme of Df is the intersection 
on 5" of a twisted cubic curve on Xj. Now, Df is a curve in |05(4)|, and two curves 

and Df either have a common component or intersect each other in a zero scheme 
of length 256. Let Z be a subscheme of length 3 of this intersection. Then there is a 
unique twisted cubic curve on both Xt and Xf, that intersects S in Z. But these two 
curves must be distinct, contradicting to Proposition 12.101 

Therefore the general twisted cubic C in the general X = X^ lies outside R = Rt, 
in particular C intersects a finite number of lines in X. Since R G |0x(4)| this finite 
number is 12. 

□ 
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Let B C X = XiQ be a general twisted cubic curve on a general X = Xig that 
satisfies the conclusion of the proposition, in particular properties (*)-(**). Then by 
Lemma 4.1.1 in jO], there exists a commutative diagram 




where vr is as above and vr^ is another small contraction, ^ : X ■ ■ ■ > X^ is a flop and 
: X~^ ^ y is a Mori extremal morphism on the smooth threefold X+, ibid. 

Lemma 4.4. (see ^Iskovskikh-Prokhorov, Chapter 4, Proposition 4-6.3 (iv)]). Let 
B d X = XiQ he a smooth twisted cubic curve in a smooth 3-fold which fulfills the 
properties (*)-(**). Then in the above diagram the extremal morphism ip : X^ Y 
is of type El, i.e. a contraction of a divisor D C X^ to a smooth curve T G Y such 
that: 

(a) Y = Y^ G is a smooth Fano threefold of index r = r{Y) = 2 and of degree 5; 

(b) r = rl G Y is a smooth curve of genus 3 and of degree 9. 

Following the notation from §4 in 6 , we denote by H and L the hyperplane classes 
of X and Y, and by H* = l3*{H) and L* = ^*{L) their preimages - correspondingly 
in Pic{X) and in Pic{X+). 

Let E = (3^^{B) C X be the exceptional divisor of /3, and let E^ = ^{E) be its 
proper transform in X+. Let also D = (f^^iT) G X+ be the exceptional divisor of <f, 
and denote by D C X its proper transform on X, ibid.: 



D 

n 

E G X 



E+ 

n 

X+^ D 



/3 



X' 



B G X 



F D r 
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Proposition 4.5. Let X = Xig be general and let B C X be a general twisted cubic 
on X . Let ip : X ■ ■ ■ > Y be the birationality in the above diagram. Denote by C(X) 
and by Q{Y) the families of twisted cubic curves on X and Y . Then, in the above 
notation: 

(l.a) The birational map ip : X ^ Y is defined by the non-complete linear system 
\2H-3B\. 

(l.b) The extremal divisor of ip, the proper transform Dx G X of the exceptional 
divisor D of ip, is the unique effective divisor of the non-complete linear system \'iH — 
hB\ on X. 

(1-c) The general extremal curve of if), the general smooth irreducible curve on X 
contracted by ip, is the general element of the compactified family C[2](X;_B) C C(X) 
of twisted cubic curves C d X bisecant to B. 

(2. a) The inverse birational map : Y ^ X is defined by the non-complete linear 
system |5L — 3r| . 

(2.b) The extremal divisor of ip'^ , the proper transform Ey dY of the exceptional 
divisor E of pi, is the unique effective divisor N of the non-complete linear system 
|3L - 2r| on Y. 

(2.c) The general extremal curve of ip^^ , the general smooth irreducible curve on Y 
contracted by ip~^ , is the general element of the compactified family C[5]{Y;r) C Q{Y) 
of the twisted cubic curves C CY that are 5-secant to T. 

Proof. We shall prove (l.a)-(l.b)-(l.c); as seen below, the proof of (2.a)-(2.b)-(2.c) is 
similar. 

Proof of (l.a). P, Since ip is an extremal morphism of type El, then by Lemma 
4.1.2 (i) of [0] and the data g = g{X) = 9, g{B) = and deg{B) = 3, one obtains: 

i-Kji^f = 2{g{X) + g{B) - deg{B) - 1) - 2 = 8 

{-K^+y.E+ = deg{B) + 2 - 2g{B) = 5 

i-Kj^^).iE+f = 2giB)-2 = -2. 

= -deg{B) + 2- 2g{B) = -1 

Since, by Lemma (4.41 the morphism p : X+ — F is extremal of type El onto the 
Fano threefold Y of index r = 2, then by Lemma 4.1.5 (ii) of jH], there exists an integer 
a > 1 such that a + 1 = l(mod r), i.e. a is odd, and 

D = a{-K^+) - rE+ = a{-K^+) - 2E+ 

in P2c(X+) = 'LKj^+ + Next, by taking in mind that g{T) = 3 (see Lemma lO)). 

the third identity for ip on p. 69 in ^ gives 

D'.i-K^^)=2giT)-2 = A. 
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Since by the preceding 

= a^{-K^+f - Aa{-K^+).E+ - A{-K^+y.{E+f = Sa^ _ 20a - 8, 
then the identity D'^.{—Kj^+) = 4 yields 

- 5a - 3 = 0. 

Since 2a^ — 5a — 3 = (2a + l)(a; — 3), and since by Lemma 4.1.5 (ii) of fB| the 
integer a must be positive, then the only possibility left is a = 3, i.e. 

D = 3{-K^+)-2E+- 

in particular a is odd, ibid. 

Since F is a Fano threefold of index r = 2 then Ky = —2L, and since if : X Y 
is a blowup of a curve then 

Kj^+ = if^iKy) + D = -2L* + D 

in Pic{X~^) = ZL* + ZD; notice that D is the exceptional divisor of the blowup if 
of the curve T G Y. This, together with the previous formula for D, yields Kj^+ = 
-2L* + D = -2L* + 3{-K^+) - 2E+. Therefore 

L* = 2(-ir^+)-E+; 

and since ^ : X — s> is a flop, then in Pic{X) 

L = 2{-K^)-E 

for the proper ^-preimage L oi L* . 

Now we use that X is a Fano threefold of index 1, i.e. —Kx = H where H is the 
hyperplane class of X, and that : X — > X is a blowup of a curve - the curve B d X. 
Therefore 

K^ = P\Kx) + E = -H* + E; 

recall that H* = j3*{H) is the preimage of H and that E is the exceptional divisor of 
j3. Then by the above formulas 

L* = 2{-K^) -E = 2{H* -E)~E = 2H* - 3E, 

i.e. the composition map (foC, : X ^ y is given by the linear system L* = \2H* — 3E\; 
notice that L is the hyperplane class on Y. Since E is the exceptional divisor of the 
blowup of -B C X, the rational map ijj : X ^ Y is given by the non-complete linear 
system \2H — 3B\. 
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Proof of (l.b). We proceed as above: For the proper ^-preimage D G X of the 
exceptional divisor D C X"*" one obtains 

D = 3{-Kj^) -2E = 3{H* - E) - 2E = 3H* - 5E, 

i.e. the extremal divisor Dx = l3{D) C X belongs to the non-complete linear system 
\3H -5B\ on X. 

Proof of (l.c). The general extremal curve C on X is the same as the proper 
transform of the general fiber of (f. Since the map X ^ Y is given by the linear system 
L then the proper preimage on X of such curve is the same as the general irreducible 
curve C G X such that C.L = 0, i.e. 

C.{2H* -3E) = 0. 

Therefore the general extremal curve C C X is a smooth curve of degree 3n such 
that deg{C.B) = 2n for some integer n = n{C) > 1. Since the compactified family 
of extremal curves on X is a 1-dimensional algebraic family of 1-cycles on X (with a 
smooth irreducible base isomorphic to the curve F), then the integer n{C) = n does 
not depend on C, and it remains to see that n = 1. 

The equality n = 1 is equivalent to say that deg{C.B) = 2 for the extremal curve 
C G X. By their definition, the extremal curves C G X are the proper transforms on 
X of the (extremal) curves C+ C X generating the extremal ray R = R[C+] defining 
the extremal morphism (p. Since E is the exceptional divisor of j3 over B and E~^ is its 
proper transform on X"^, then deg{C.B) = C~^.E~^, and it rests to see that C^.E^ = 2. 

For this recall that ip : X+ — > F is an extremal contraction of type El; in particular 
the extremal ray R = R[C+] (generated by any of the extremal curves C'^ G X+) has 
length 1, i.e. 

length{R) = -K^+.C^ = 1, 
see e.g. Theorem 1.4.3 (Mori-KoUar) in [B]. Next we use the formula 

E+ = -2K^+ - L* 

(see above), and the fact that the extremal curves G X"*", the fibers of the ruled 
surface ip\£) : D ^ T, are orthogonal to the hyperplane class of Y, i.e. C^.L* = 0. 
Therefore 

= C+.{-2K^+ - L*) = 2C+.{-K^+) = 2 ■ length(i?) = 2. 

Hence n = 1, i.e. the extremal curves C G X of ip are the twisted cubic curves on X 
bisecant to B. 

The proof of (2.a)-(2.b)-(2.c) is similar; notice that (3 : X ^ X is, just as ip, an 
extremal contraction of type El. □ 

Proposition 4.6. The Hilbert scheme C(X) of twisted cubic curves on the general 
X = Xi6 is isomorphic to the jacobian J{T). 
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Proof. By Corollary 13.21 the Hilbert scheme C{X) is a 3- dimensional abelian variety. 
Therefore to prove the isomorphism between the abelian varieties G{X) and J{T) it 
will be enough to see that they are birationally equivalent. For this we shall construct 
a natural birationality (p = (pB '■ — > Pic^(r) defined by the choice of a general 
twisted cubic B C X. 

Let the twisted cubic B C X be as in Proposition 14.51 let tp '■ X ^ Y he the 
birationality defined by B. Let C C X be another general twisted cubic on X = 
XiQ C P^°; in particular C is smooth, and C spans, together with B, a 7-space =< 
C U B >C P^°. In the space P^° =< X >, the family of codimension 2 subspaces 
P^ that contain P^ is parameterized by the projective plane P^(t) = P^^/Pjj. The 
general P^ G P^(t) intersects on X a reduced canonical 1-cycle 

^i6,t = B + C + Cio,t C X 

of degree 16 and of arithmetical genus 9. For the general t, the residual component 
Cio,t is a smooth elliptic curve of degree 10 on X intersecting any of the curves B and 
C at 5 points. 

In the notation of Proposition 14.51 the proper ip-image C^^t C F of Cio,t C X is a 
smooth projectively normal elliptic quintic intersecting F = Fg at an effective 0-cycle 

Dt of degree 5. When P^ moves in P^(t), the 0-cycles Dt describe a P^-family of 
effective divisors of degree 5 on the genus 3 curve F. Therefore all divisors Dt belong 
to the same linear system on F. Since by the Riemann-Roch theorem the dimension 
of a complete linear system of degree 5 on a curve of genus 3 is always 2, the family 
{Dt} is in fact a complete linear system on F, and we denote this system by \Dc\- 
Thus we have defined a rational map: 

(j) : e(X) ^ Pzc^(F), C ^ \Dc\. 

Next we shall see that the rational map is a birational. For this we shall construct 
the rational inverse to 0. 

Let \D\ = {Dt : t E P^} G Pic^{T) he general, and let A G \D\ he general. The 
effective 0-cycle Dt of degree 5 on F C F spans a 4-space P^ C P^ =< F >. Since 
y = Y5 is the smooth del Pezzo threefold of degree 5 (i.e. the smooth codimension 
3 transversal linear section of G{2,5), see Theorem 3.3.1 in 6J), then the 4-space P^ 
intersects on y a projectively normal elliptic quintic curve 6*5 ^. 

On the del Pezzo threefold Y, there exists a P^-family (a pencil) of quadratic 
sections {Ss,s G P^} containing the 1-cycle Cf^^t = + C^^t of degree 14 and of 
arithmetical genus 8. The base locus of this pencil is a half-canonical 1-cycle C|o = 
Fg + Cs^t + C6,t, where Cg,* is an elliptic sextic on Y intersecting F at a 0-cycle of degree 
9. Now it is not hard to see that the residue 1-cycle C^^t does not depend on the choice 
of t; therefore 

C20 = Tg + Cs^t + Ce, 

where Cq = C^^t for any t. 
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By Proposition 14.51 the proper V'-preimage of the curve Cq C Y is a twisted cubic 
curve C (Z X, while the proper preimage of C5 f C F is an elhptic curve Cio,t C X 
of degree 10 intersecting both B and C at 5 points. Turn back to the construction of 
the rational map 0, we see that such Cio,t can't be other than one of the P^-family of 
residue elliptic curves of degree 10 in the construction of (f){C). Now the construction 
of implies that 0(C) = |-D|. 

The existence of and at the general points shows that the Hilbert scheme 
C(X) of twisted cubic curves on X is birational to Pic'lT) = J{T). This proves 
the birationality between the abelian threefolds Q{X) and Pic'{r) = J{T), and the 
proposition follows. □ 

Let F = Fx be the S'p(3)-dual curve parameterizing singular hyperplane sections 
of S that contain the Fano threefold X, and let J{F) be the jacobian of F. The 
embeddings from Proposition 13.81 translate into embeddings 

Tc:F^A = e(X) X ^ C{x) 

defined for a general twisted cubic curve C on X by associating to a point x G -F the 
unique twisted cubic curve C{x) C X which is bisecant to C and determined by the 
singular hyperplane section of S defined by x. 

Proposition 4.7. The Hilbert scheme Q{X) is isomorphic to the jacobian J{F) of 
the Sp{3)-dual quartic curve F to X . Moreover, for the general C E A = C(X) the 
set Tc{F) = Fc C C(X) is a translate of the Abel-Jacobi image of the curve F in the 
abelian threefold J{F) ^ Q{X). 

Proof. By the criterion [H] of Matsusaka, for the abelian 3-fold A the intersection of any 
ample divisor D G A with an effective 1-cycle Fq C A is at least 3, and the equality 
{D ■ Fc) = 3 is only possible if A = J{Fc), D is a copy of the theta divisor in J{Fc), 
and Fq C a is an Abel-Jacobi translate of Fc in its jacobian J{Fc) = A. 

Therefore to prove the proposition it will be enough to find an ample divisor D C 
A = e(X) such that D ■ Fc = 3. 

In order to describe such a divisor, recall that the Fano threefold X contains a 1- 
dimensional family of lines, see e.g. Proposition 4.2.2 and Theorem 4.4.13 and Theorem 
4.2.7 in |6> . In particular this 1-dimensional family of lines is parameterized by a smooth 
curve of genus 17. Fix a general line A C X, and consider the subfamily 

Dx = {C eA-.CnXy^di}. 

We first need to show that Dx is an ample divisor. For this consider a curve E on 
C(X) and the corresponding union of twisted cubic curves Se C X. Since the family 
of lines in X is parameterized by a smooth curve of genus 17, the general twisted 
cubic curve of E cannot intersect every line on X. Therefore the intersection Dx ■ E 
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is finite. On the other hand Se is a hypersurface section of X, so the intersection 
Dx ■ E > lengths'^; fl A > 0. Hence Dx is ample. 
We proceed to show that 

Dx-Fc = 3 

in A. Now, Fc C C(X) is simply the family of twisted cubic curves on X bisecant to 
C. Therefore one has to see that among these there are exactly three twisted cubics 
that intersect the general line A C X. 

By (l.c) in Proposition 14.51 the family Fc of twisted cubic curves is just the family 
of extremal curves of the birationality ip defined by the twisted cubic C G X. But 
the extremal twisted cubic curves from the family Fc sweep out the extremal divisor 
Dx £ |3 — 5C|, in particular Dx is a cubic hypersurface section of X, see (l.b) in 14.51 
As a cubic section of X, the surface Dx intersects the line A C X at three points. 
Whence there are three twisted cubic curves bisecant to C and secant to A on X. □ 

Corollary 4.8. Let the K3 surface S = Siq be general, and let T = Fs be the 
Sp{3)-dual quartic surface to S. Let h G P| be general and let P\ C P(iy*) and 
Pjj° C P(iy) be the corresponding orthogonal linear spaces. Then the Hilbert scheme 
Q{Xh) of twisted cubic curves on the Fano 3-fold X^ = LG(3,6) fl P]^ is isomorphic 
to the jacobian J{Th), where Th = T r\P\. 

Proof. First, note that the general Xh D S" is a general prime Fano threefold of genus 
9. The hyperplane section T/j = T fl P| C T is exactly the S'p(3)-orthogonal curve to 
X/i, so the corollary follows from Proposition 14.71 . □ 

Finally, since the general fiber Ah of / is isomorphic to Q{Xh) we have completed 
the proof of Theorem 14.11 

5 The group law on the Hilbert scheme of twisted 
cubic curves in a Fano threefold of genus 9 

We now fix a Fano threefold X = P^° fl E and its S'p(3)-dual curve F = Fx parame- 
terizing singular hyperplane sections of S that contain X, and consider the Jacobian 
J{F) which by Proposition 14.71 is identified with the Hilbert scheme A = C(X) of 
twisted cubic curves on X. Of crucial importance for our definition of the group law 
on A = C(X) are the embeddings 

Tc: F ^A = e(X) X ^ C{x) 

defined for a general twisted cubic curve C on X, by associating to a point x & F the 
unique twisted cubic curve C{x) C X bisecant to C and determined by the singular 
hyperplane section of S defined by x. We denote by Fc C A the image tc{F). 
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To study the various curves Fc in A, we fix, once and for all, a point xq G F. Let 

a: F Fq(Z A x ^ 

be the Abel-Jacobi map with base point xq, and fix the image a(xo) = Co G Fq C A as 
the origin of the group structure on A. Recall from Proposition 13.41 that each x E F 
determines a rank 2 vector bundle on X. 

Lemma 5.1. For each twisted cubic curve C d X , the curve CUC(x) is the zero-locus 
of a section of the rank 2 vector bundle E^ on X . 

Proof. This follows immediately from Lemma f3. 71 □ 
Lemma 5.2. The translate F^o '■= Fc + C is independent of C. 

Proof. By Lemma EIU the point C + C{x) = C + C\x) for any x E F, since C U C{x) 
and C U C'{x) are both the zero locus of a section of the vector bundle E^ on X. In 
particular F A x ^-^ C + C{x) is well defined and independent of C. The image 
{C + C{x)\x e F} C Ais clearly the translation Fc + C. □ 

By the identification of A with J{F) = Pico{F), there exists a constant Coo G 
Pici{F) such that the Abel-Jacobi translate 

F^ = {x - Coo-. X e F} C Pico{F) = A, 

where x — Coo denotes the rational equivalence class of the divisor. 

Corollary 5.3. For any x E F and any C E A, the following identity holds 

C{x) + C = x- CooE PicoF = A. 



Lemma 5.4. For any ordered triple [x, y, z) of points on F and any C E A, let C{x) E 
Fc be the point representing x E F . Next, let C{xy) E Fc{x) be the point on Fc(x) 
representing the point y E F, and let C{xyz) E Fc{xy) be the point representing z E F. 
Then 

C + C{xyz) = x — y + z — Coo = C + C{zyx), 
where the addition is taken in Pico{F). 

Proof. By the definitions of C{x), C{xy) and C{xyz), and by Corollarv 15.31 

C + C{x) = X — Coo, C{x) + C{xy) = y — Coo, and C{xy) + C{xyz) = z — Coo- 
Therefore 

C + C{xyz) = {C + C{x) - Coo) - (C(,t) + C{xy) - c^) + {C{xy) + C{xyz) - Coo) 

= X - y + z - Coo- 

Similarly C + C{zyx) = z — y + x — Coo = x — y + z — Coo- □ 
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Now we are ready to describe the group law on the threefold A. For this we shall 
need the following elementary technical 

Lemma 5.5. For a plane quartic curve F , any element D G Pici{F) can he represented 
as the rational equivalence class of a divisor x — y + z for some x,y, z & F . 

Proof. Follows from the Riemann-Roch theorem. □ 



The sum of two twisted cubic curves in X 

Let A be the abelian 3-fold above, identified with the jacobian J{F) of the plane 
quartic curve F, see Theorem 14. 1[ 

Let {A, +; Co) be the additive group structure on A, with the element Cq declared 
to be the neutral element. Below we shall find the curve C" G A representing the sum 
C + C" of two general elements C and C" of A. 

By Lemmas 15.41 and 15.51 there exists a triple of points x,y,z & F such that C" = 
C'{xyz) is the result of applying the chain of transformations 

C C'{:x) C\xy) -> C'{xyz) 

as above. Notice that the result is independent of which representative x — y + z in 
its rational equivalence class of divisors one chooses. Let Co{xyz) be the result of the 
same chain of transformations to Cq: 



C,(x) 



Co{xy) Co{xyz), 



i.e. Co{x) G -Fcq is the point representing the point x E F under the isomorphism F — ^ 
Fco, Co{xy) G Fco(x) is the point representing the point y & F under the isomorphism 
F — > Fco{x), and Co{xyz) G i^Co(xjy) is the point representing the point z E F under the 



isomorphism F F( 



C'{xyz) = C" = C'{zyx) 





Co{xy) 
Coix) 



Coixyz) = C" = C,{zyx) 
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We shall see that the point 

C" = Co{xyz) G A 

is the sum of the points C and C" in {Ah, +; Co). 

For this, we observe that since Co{xyz) = C" is obtained from Cq by the same 
chain of transformations as C" = C'{xyz) from C then, by Lemma f5 .41 

C' + C" = C' + C\xyz) = x-y + z-Coo = CQ + C^ixyz) = Co + C" . 

Therefore C" + Co = C + C", and since Co was chosen to be the zero in {Ah, +; Co) 
then 

C'" = C + C", 
in the addition law of the group {Ah, +; Co). 
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